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Abstract 

We give an integral representation for solutions to the quantized Knizhnik-Zamo- 
lodchikov equation (qKZ) associated with the Lie algebra fll^v+i ■ Asymptotic 
solutions to qKZ are constructed. The leading term of an asymptotic solution is 



qv J the Bethe vector - an eigenvector of the transfer-matrix of a quantum spin chain 



model. We show that the norm of the Bethe vector is equal to the product of the 
Hessian of a suitable function and an explicitly written rational function. This 
formula is a generalization of the Gaudin-Korepin formula for a norm of the Bethe 
vector. We show that, generically, the Bethe vectors form a base for the q1 2 case. 

> 

^ ■ Introduction 

b ; 

The quantized Knizhnik-Zamolodchikov equation (qKZ) is a holonomic system of 
difference equations introduced recently in 1 ' 2,3 . qKZ inherits many remarkable 
properties of the differential Knizhnik-Zamolodchikov equation (KZ). In particular, 
there is an integral representation for solutions to qKZ 4 associated to 0[/v+i or 
U q (Ql N+ i) which has a similar structure of an integrand as an integral representa- 
tion for solutions to KZ 5 ' 6 . The N = 1 case was considered earlier in 7 > 8 > 9 . (Cf. 
also 10 > n > 12 ). Asymptotic solutions to qKZ 13 obtained from an integral represen- 
tation establish a connection between the Bethe ansatz and qKZ. The flljv+i an d 
Uqisl-N+i) analogues of the Gaudin-Korepin formula for the norm of the Bethe vec- 
tor can be proved up to a multiplicative constant in this framework. Similar results 
for KZ are obtained in 14 ' 15 . 

In this paper we consider only the case of qKZ associated to 0I7V+1 although 
almost all the results can be lifted to the U q (qI n+1 ) case, cf. 4 ' 13 . Section 2 is based 
on 4 and Sections 3,4 are based on 13 . 



1. qKZ associated with gljv+i 

Let g = 0[jv + i with the canonical generators {Eij} . Let Y be the corresponding 
Yangian with a coproduct A . Let ip : Y — > U(q) be the natural homomorphism 
and let 9 Z , z G C , be the canonical automorphism of Y . Set ip z = ip o Z . For any 
two highest weight g-modules Vi, V2 with generating vectors i>i,i>2, respectively, 
there is a unique .R-matrix R ViV2 (z) G End (Vi <S> V2) , such that for any X EY 

R Vl vM - *2) (^ ® ¥>* 2 ) o A(X) = (y> Zl ® <p Z2 ) o A'(X) il VlV2 (zi - z 2 ) (1) 

in End (Vi ® V2) and i^viVbO 2 ) i>i <8> f2 = t>i <8> i>2 • Here A' = P o A and P is a 
permutation of factors in Y ®Y . R vv {z) preserves the weight decomposition of 
a g-module V\ <S> Vi ; its restriction to any weight subspace of Vi ® V2 is a rational 

( N+1 \ 

function in z. For any p G C N+1 introduce L(p) = expf Yl ViEu) , which is 

well defined in any highest weight g-module. 

Let Vi,... ,V n be highest weight 0-modules, V = V\ <g> . . . <g> V n . Let pi : 
End (Vi) — ► End (V) be embeddings as tensor factors. Set Rij(z) = pi<g>pj(R v . v .(z)) 
and Li(p) = pi(L(p,)) . Let p <E C and z = (zi, . . . , z n ) . The operators 

Ki(z-p) = Ri,i-i(zi -Zi-! +p)...Ra(zi - z\ + p) x 

X HV) Rnt( z n ~Zi)... R-^ hi (z i+1 - Zi) (2) 

are called the qKZ operators. Denote by Zi the p-shift operator: 

Zi : *(z!,... ,z n ) !-»• *(zi,... ,Zi+p, ... ,z n )- 

The quantized Knizhnik-Zamolodchikov equation 1 is the holonomic system of dif- 
ference equations for a V- valued function ty(z;p) : 

Z^(z;p) = Ki(z;p)V(z;p) , i = l,...,n. (3) 

2. Integral representations for solutions to qKZ 

Let t — (ti, . . . ,U) . Let Q a be the p-shift operator with respect to a variable t a . 
Let $(£, z;p) be a meromorphic scalar function and w(t, z;p) a V-valued rational 
function in t, z. Say that 3>(t,z;p)w(t,z;p) gives an integral representation for 
solutions to system (3) if 

e 

Zi($w) -K l $W = Y^ {Qa(^W a i) - <S>W al ) , % = 1, . . . , U , 

a-l 

for suitable rational functions w a i(t,z;p). 3>(t,z;p) and w(t,z;p) are called the 
phase function and the weight function, respectively. 
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Theorem 1. There exists an integral representation for solutions to qKZ (3) as- 
sociated with 01tv_|_i . 

We describe the integral representation for solutions to qKZ more explicitly below. 

Fix A G Z^ . Let A(l), . . . , A(n) G C N+1 be highest weights of g-modules V 1 , 
... ,V n , respectively. Let V\ be the weight subspace: 

n 

V x = {veV | E u v= (A,_i-A,+ £ Ai(m))v, i = 1, . . . , N+ 1} 

m=l 

where Ao = Aat + i = . The qKZ operators preserve the weight decomposition of a 
0-module V . Now we are interested in solutions to system (3) with values in V\ . 

N 

Set £ = J2 ^i ■ Let t = (tn, . . . ,*iAi>*2i, • • • ,^2A 2 , • • • ,*jvi, • • • ,tN\ N ) G C . The 

i=l 

phase function is given as follows: 

n N+l N Xi 

$(t,z;p) = J| JJ_ exp(z m HiAi(m)/p) J[ ]^[ exp^^+i - Hi)/p) x 

x 17 TT 17 r ((^j- z m + M'm))/p) 
iiitiM r((t y -z m + A <+1 (m))/p) 

x 17 17 17 r (( t ^~ t u ~ 1 )/p) tt 1 17 ff r ((^+hk-Uj + i)/p) U) 

l\ M M r ^* - * + ^ ii M M r ((*^i.* - ««)/p) ' 

The weight function tu(t, z) is given by an algebraic construction taken from the 
nested Bethe ansatz. In particular, w(t,z) does not depend on p, fx at all. For 
more details cf. 4 > 13 . 

3. Asymptotic solutions to qKZ 

Let p — ► . We are interested in asymptotic solutions to system (3) which have the 
form 

oo 

tf (z;p) = exp(r(z)/p) £ *«(^)p fl • (5) 

s=0 

The phase function has an asymptotic expansion: 

oo 

$(t,z;p)~a(p) exp(r(t,z)/p)E(t,z) (l + E <Ps(t,z)p s ) 

8 = 1 

where a(p), r(t,z), z.(t,z), <f> s (t,z) are suitable functions. 

A point (£, z) is called a critical point if expf — — (£, z) ) =1 for a = 1, . . . , £ . 

( < ^ 2 ' r "\ 

Set H(t,z) = det( — — - — (t, z)\ . A critical point (t,z) is called nondegenerate if 



H(t, z) 7^ . Equations for critical points coincide with the Bethe ansatz equations 
in the nested Bethe ansatz. The set of critical points is preserved by the natural 
action of the product of the symmetric groups S = S\ 1 x . . . x S\ N on variables t . 

1 dr 
Let (t*,z*) be a nondegenerate critical point. Set I a = - — r — — (t*,z*) , I(t) — 

ZTTl Ot a 
£ £ 

exp(— 2m Y^ I a ta/p) and f(t,z) = r(t, z) — 2m ^ lata- Let D be a suitable small 

a=l a=l 

real disk containing (£*, z*) , dim M .D = £ . Set 

tt(z;p) = _L(-JL) 2 J I(t)$(t,z;p)w(t,z;p)d i t. 

D 

As p — ► , by the method of steepest descend ^>(z;p) has an asymptotic expansion 

i °° 

*(z;p) ~ exp(f (*(z), z)/p) S(t(z), z) #"*(*(*), z) {w(t(z),z) + £ V'aW*), ^) 

8 = 1 

where a function £(z) is such that (t(z),z) is a nondegenerate critical point and 
t{z*) =t*. 

Theorem 2. Let 3>(t,z;p)w(t,z;p) be an integral representation for solutions to 
qKZ (3). The asymptotic expansion of *&(z;p) as p — ► gives an asymptotic 
solution to system (3) o/ the form (5). 

Lemma 3. Let (t, z) be a nondegenerate critical point. Then 

Ki(z;0)w(t,z) = exp( — (t,z)) w(t,z), i = 1, ... , n. 

A critical point (t, z) is called an offdiagonal critical point if tij ^ t^. for (i, j) ^ 
(i, k) , and a diagonal critical point, otherwise. 

Theorem 4. Let (t*,z*) be a diagonal nondegenerate critical point. Then 
exp(-T(t(z),z)/p) i &(z;p) - 0(p°°) as p^O. 

Let Si be the Shapovalov form on Vi . Set S = S± <8> . . . <8> S n . Let K i (z; p) be 

n j-l 

the dual to Ki(z;p) with respect to the form S . Set R(z) = FJ II Rij( z i ~ z j) 

j=2 i=\ 

both indices in the ordered product increasing from the left to the right. 

Lemma 5. i) K\(z;p) = R(z) Z^K^z; -p)R~ 1 (z)) . 

ii) Operators Rij(z) and R(z) are symmetric with respect to the form S . 

Set (101,102) = S(Kwi,W2) ■ Let (t(z,fjL),z) be an offdiagonal nondegenerate critical 
point. 
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Theorem 6. (w(t(z, /i), z), w(t(z, /i), z)) = const H 2 (t(z,/j,),z) H(t(z,/j,),z) where 
const does not depend on continuous deformations of the critical point (t(z, fJ>), z) . 

Conjecture. For any off diagonal critical point (t, z) 

(w(t, z), w(t, z)) = (-l) e S" 2 (t, z) H{t, z) . 

For any critical points (t, z) , (t, z) lying in different S-orbits (w(t, z), w(t, z)) = . 

This Conjecture was proved for the q1 2 case in 13 using the limit exp(fx 2 — f-i) — ► . 
A combinatorial proof for the first part of Conjecture for the q[ 2 case was given 
in 16 , and for the gl 3 case (with a special choice of g-modules) in 17 . For similar 
results for the differential KZ equation cf. 14 > 15 . 

Let €(z, fi) be the set of all offdiagonal critical points modulo the action of the 
group S. Vectors w(t,z) are preserved by the action of S modulo multiplication 
by a nonzero scalar factor. 

Theorem 7. Let g = gl 2 ■ Let z, fj,, A(l), . . . , A(n) be generic. Then 
{w(t,z)} te€ ( Zyfl) is a base in V\ . 

4. qKZ and bases of singular vectors. 

Assume that \x = . Set SingF = {v E V \ E iji+ i v = , % = 1, . . . , N } and 
Sin g y A = y A n SingF. 

Lemma 8. Let (t,z) be an offdiagonal critical point. Then w(t,z) G SingV^ . 

Let = gl 2 ■ Let €(z) be the set of all offdiagonal critical points modulo the 
action of the symmetric group Sa • Let Ai(m) — A 2 (m) < , m — 1, . . . , n , or let 
A(l), . . . , A(n) be generic. 

Theorem 9. For generic z all offdiagonal critical points are nondegenerate. 
Moreover, #C(z) = dim SingV\ and {w(t, z)} te <r( z ) is a base in SingV\ . 

Assume that Ai(m) — A 2 (m) G Z^ , m = 1, . . . ,n. Let V\, . . . , V n be the ir- 
reducible g-module with highest weights A(l),... ,A(n), respectively. A critical 
point (t,z) is called a trivial critical point if w(t,z) = 0, and a nontrivial critical 
point, otherwise. Let C(z) be the set of all nontrivial critical points modulo the 
action of the symmetric group S> . 

Theorem 10. For any z all offdiagonal trivial critical points are degenerate. 
For generic z all nontrivial critical points are nondegenerate. Moreover, 
#£(z) = dim SingVx and {w(t, 2)}t€£(z) ^ s a ^ ase ^ n SingV\ . 

For similar results for the differential KZ equation cf. 14 ' 15 . 
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